We apply CGHS-type dilaton gravity model to (1+1)-dimensional cosmological situations. First the behavior of a compact 1-dimensional universe (i.e. like a closed string) is classified on the assumption of homogeneity of universe. Several interesting solutions are found, which include a Misner-type universe having closed time-like curves, and an asymptotically de Sitter universe first pointed out by Yoshimura. In the second half of this talk, we discuss the modification of the classical homogeneous solutions, considering inhomogeneity of classical conformal matters and also quantum back-reaction respectively.
Introduction
In order to understand the evolution of the very early universe or the physics of a very small black hole, one must consider the quantum effects affected by a strong gravitational field and further quantum mechanical treatment of gravitational degrees of freedom itself. So far we have not yet succeeded in the establishment of a quantum theory of gravity, although some unified theory may describe the shortdistance physics in Planck scale. Hence several theoretical physicists have used the semi-classical approach as a well formulated first step, that is, the gravity is treated classically and matter fields are treated quantum mechanically. Using this approach, there have been a lot of studies on the quantum physics in black hole spacetime or in other interesting space-time ; (a) Hawking radiation [1] , (b) Quantum instability of space-time having closed time-like curves [2, 3] , (c) Decreasing of inhomogeneity due to the particle creation [4, 5] , (d) Avoiding an initial singularity which is expected from the singularity theorem [6] , and (e) Quantum generation of density fluctuations in inflationary era [7, 8, 9] (See [5] for general references).
However in real 3+1 dimensional spacetime, even by using semi-classical approach we are forced a very formidable task. Then to proceed the analysis, another approximation was introduced generally. Indeed in the cases (a), (b) and (e), quantum back-reaction on the background geometry was neglected generally. In the cases (c) and (d), gravitational degrees of freedom were reduced to be finite by restricting the form of metric. In 3+1 dimensions, the back-reaction problems have not yet been solved in closed form.
Recently a manageable and interesting 1+1 dimensional toy model was proposed by Callan, Giddings, Harvey and Strominger [10] 
( abbreviated as CGHS).
They attempted to analyze the back-reaction of the Hawking radiation [1] on the two-dimensional analogue of black hole geometry in a consistent way by the use of this model. In their first paper, CGHS developed their original scenario as follows. First, introducing 1+1 dimensional dilaton gravity, CGHS found the solutions corresponding to black hole formation, and showed occurrence of the Hawking radiation in the spacetime-background they obtained. Next taking account of the quantum effect of quantized conformal matters as the Polyakov term [11] , they analyzed the back-reaction of the Hawking effect in a leading semi-classical approximation, however their first scenario on the quantum black hole remains to be elaborated. Up to the present time, many people have studied the behavior of a quantum black hole in this model [12] .
On the other hand, in general relativity, there are other interesting problems which must be resolved taking account of the quantum effects than the problem of Hawking radiation. In the present paper, we apply this model to compact 1+1 dimensional cosmology. (See also [13, 14] ) First, after brief review of the model in section 2, the behavior of classical homogeneous solutions are clarified in sections 3 and 4. Several interesting solutions are found, including 1+1 dimensional analogue of the Misner's universe which has closed time-like curves (CTC's), and the universe having asymptotic de Sitter space region first discovered by Yoshimura [15] . In the second half of the paper, the modifications of the behavior clarified in the previous sections are considered, when we introduce inhomogeneous classical conformal matter and the quantum effect respectively. Here we especially give attention to whether the laws of physics in the CGHS model prevent the appearance of closed time-like curves or not, following the 'Chronology Protection conjecture' suggested by Hawking [3] . In section 5, the influence of inhomogeneous classical matter fields on the basic homogeneous behaviour of the universe is considered. In section 6 and 7, we consider the quantum back-reaction effect, using the simple model first introduced by Russo, Susskind and Thorlacius [16] .
Classical field equations
We consider the 1 + 1 dimensional renormalizable theory of gravity coupled to a dilaton scalar field φ and N massless conformal fields f i [10] . The classical action
where R is the scalar curvature, λ 2 is a cosmological constant. In this paper we treat the model with negative cosmological term, which is different from the original CGHS model in the sign of the cosmological term. We also consider the case of positive sign of the matter term, first introduced by Yoshimura [15] . We call the former case type-I, and the latter case type-II. Mainly we proceed with the analysis using type-I as an example.
The equations of motion derived from (2.1) are
The conformal gauge is adopted:
where x ± = t ± x . The equations of motion then reduce to
In addition, the following constraints have to be imposed:
We adopt the periodic boundary condition that the spacetime point (t, x) is identified with (t, x + L) and the initial condition that the universe starts from a static cylinder spacetime endowed with usual Minkowski metric at the past infinity.
Then the general form of the solutions is given by:
where u + and u − are chiral periodic functions which satisfy the following equations from the constraints (2.5):
Vacuum solutions
If there is no matter field, general solutions that satisfying the periodic boundary condition depend only on time:
where M is an arbitrary constant. We classify the behavior of the solutions into three types with respect to the sign of M (Fig.1 ).
When M equals to 0, the solution becomes an analogue of the Linear Dilaton
Vacuum solution in CGHS model. The world is a static cylinder spacetime as shown in Fig.1 
(a).
When M is negative ( Fig.1(b) ), we see from (3.1) that the observer meet some singularity in a finite proper time. From the expression of scalar curvature R:
we can see that this singularity is a true singularity. In fact this singularity is the same as the one in the 1 + 1 dimensional black-hole treated in CGHS.
On the other hand when M is positive ( Fig.1(c) ), the space collapses into zero volume in a finite proper time(as coordinate time t goes to +∞). However from (3.2) the scalar curvature still remains a finite value −4λ 2 at the point. Hence we expect that the spacetime can be extended. In fact, if one defines the coordinates as:
the metric becomes
which is analytic in the extended manifold defined by ψ and by −∞ < η < M.
The behavior of the extended manifold is shown in Fig.2 . The region η < 0 is isometric with the previous manifold. The region η > 0 is extended part, where the closed timelike curves appear, because the roles of t and x are interchanged.
The surface η = 0 is the boundary of the Cauchy Development; that is the Cauchy
Horizon. This extension is achieved by the same way as in the case of Misner space (we have two dimensional version when λ = 0) and Taub-NUT space [17] . Hawking used the Misner space to discuss the chronology protection conjecture [3] .
Solutions with homogeneous matter
The homogeneous solution of the massless scalar field equation is as follows,
where the constant ε means the energy density of matter. In type-I case, the general solution with homogeneous matter is the following (discussed also by Mazzitelli and Russo [13] ),
The solution becomes singular in finite t, due to the positivity of energy density ε. This singularity is real one, because the curvature becomes infinite. In contrast to the case in four dimensions, this singularity means an infinite expansion of the space and infinite divergence of 'gravitational constant' e 2φ . Such behaviour is not so unusual from the viewpoint that the CGHS model is similar to two dimensional models induced from spherical symmetric or plane-symmetric four dimensional gravity [18] . For example, the behavior stated above in the CGHS model corresponds to the behavior of the radial coordinate and the inverse of 'proper radius' in the case of spherical symmetric collapse. Same correspondence is also seen between the CGHS model without cosmological term and the Bianchitype I homogeneous universe model.
Next we consider the model of type-II which differs from the previous model (type-I) in the sign of the matter term. In this model we change the sign of the energy density ε in (4.2). The behavior of the universe is classified according to the size of ε.
When ε is sufficiently small, the universe meets with a future singularity in t = +∞ (in the finite proper time). This singularity is different from type-I. The space collapses into 0, where the curvature becomes infinite.
When ε is sufficiently large, the gravitational constant e 2φ approaches to +∞ in the finite time, where the evolution of the universe comes to the end. This singularity is the same one as in the case of type-I.
Finally it should be pointed out that the model of type-II has an interesting behavior found by Yoshimura [15] , if the energy density ε is adjusted so that the solutions of 0 =e
are degenerate with respect to t. Here the degenerate solution is denote by 't 0 '.
Then we expand e 2ρ in s = t − t 0 as follows,
From eq.(4.4), it is easily shown that the universe asymptotically approaches to de Sitter spacetime.
Modifications due to classical inhomogeneity
In this section, we consider modifications of the basic homogeneous behavior of the universe stated in the previous sections, when inhomogeneous classical conformal matters are introduced. The solutions of (2.4) satisfying the periodic boundary condition always exist for an arbitrary configuration of the scalar fields.
We expand the scalar fields in Fourier series:
where α ± , a ± n and b ± n are the expansion coefficients. Then the solution is as follows, Next we investigate how the oscillation part contributes to the global structure.
Especially we give attention to changes of the property of the singularity and the possibility of local exponential-expansion of the universe by introducing the inhomogeneity. As a simple example, a standing wave solution is considered:
In the case of type-I, the corresponding solution of the dilaton field is:
We now try to find which positions x give the degenerate solutions for the equation:
e −2φ = 0 with respect to t. Following the discussion in the last part of section 4, asymptotically de Sitter space regions are realized in the neighborhood of the solutions. This is illustrated in Fig.3(a) . The oscillating curve (*) around the broken line and the curve (**) represent
2 n sin(2ω n t+ θ) cos(2ω n x) and y = −e −2λt respectively. In order to have the degenerate solutions, the slope of the curve (*) must be positive at some t. The first derivative of (*) is
From this, it is obvious that the slope is monotonously down in any region.
Thus we conclude that any degenerate solution cannot exist, that is, all the observer reach the singularity in the finite proper time inevitably.
On the other hand in the case of type-II, the solution has positive sign in front of the second and the fourth terms of the right hand side of (5.4):
In this case, we can control the parameters M and a so that the degenerate solution t 0 occurs as shown in Fig.3(b) . Then we conclude that the observers whose world lines approach the point (t 0 , x 0 ) regard the point as future infinitỹ i + = (t 0 , x 0 ). In other words, such observers can avoid the singularity.
Before closing this section, we briefly comment on the three types of global structure classified according to the behavior of the function g(t, x) ≡ e −2φ in the neighborhood of (t 0 , x 0 ). For this purpose, g(t, x) is supposed to be expanded around (t 0 , x 0 ) as follows,
where g tt (t 0 , x 0 ) > 0 .
According to the characteristics of the quadratic form in (5.7), we can see the following behavior of the universe in the neighborhood ofĩ + = (t 0 , x 0 ) .
If g x (t 0 , x 0 ) = 0 , then the point (t 0 , x 0 ) becomes the local minimum or the stationary point of y = g(t, x) (called case(1) and case(2) respectively), because g tt (t 0 , x 0 ) > 0 . In the former case (1), there is no singularity where the scalar curvature diverges, as shown in Fig.4(1) . While in the latter case (2), there exists a singular line which approaches toĩ + = (t 0 , x 0 ) . Whether the singular line is timelike or not (i.e. naked singularity appears or not) depends on the form of the coefficient of (5.7).
If g x (t 0 , x 0 ) = 0, then case (3) arise, where the singular line is tangent to x = x 0 .
This means that the naked singularity always emerges, as shown in Fig.4(3) . 
Including back-reaction
In the second half of the paper, we study how the classical solution changes if we include back-reaction. For a while we treat only the model of type-I, because the model of type-II can be treated in the similar manner.
In 1+1 dimensions, the quantum effect of massless matter fields is completely determined by conformal anomaly [11] . The quantum effective action is sum of the classical action (2.1) and the Polyakov term induced by the N matter fields:
where κ is N 12 and G(x, x ′ ) is a Green's function of the scalar fields. We assume that κ is to be a large number and use the 1/N-expansion. Further we add the following term introduced by Russo et al. [16] to the above action:
Making the field redefinition:
,
3) the quantum equations of motion becomes in very simple form. The effective action
is expressed in terms of reference metricĝ µν and the new fields χ, Ω :
Then equations of motion in conformally flat gauge are 6) and
where · denotes the sum over i, and the symbol t ± is arbitrary chiral function to be determined by the boundary conditions. 'the classical fields' f describe macroscopic behavior of quantized fields.
Before proceeding the analysis, we determine t ± in (6.7). First, we recall that the vacuum expectation value (abbreviated as vev) of the stress tensor in the spacetime with the metric g µν = e 2ρ η µν is related to the vev of the stress tensor in the spacetime with g µν = η µν [5] :
From this, we know that −κt ± represents < T
We consider the case of the closed universe so that < T f ± ± [g µν = η µν ] > is set to the one in the static cylindrical universe. In this case, due to the Casimir effect, < T
Thus we obtain t ± as
7. Quantum behavior of the universe
For the quantum state with an arbitrary macroscopic part of quantized matter fields as in (5.1), the corresponding solution of the equations (6.6) and (6.7) is given by
where
L 2 determined in the previous section, and Σ is the same as in (5.2). From the solution (7.1) and the field redefinition (6.3), we confirm that the behavior of ρ and φ in the distant past agree with the classical one, as expected, because √ κΩ approaches to e −2φ as t → −∞ . It should be also noted that another new singularity appears if the universe takes the value φ = φ cr corresponding to local minimum of Ω (see Fig.5(a) ).
The behavior of the universe is classified into three types as follows. In the case: Ω cr > Ω min (see Fig.5(a,b) ), the universe starts at the weak-coupling region, and as t goes on, the φ grows gradually, then returns to the weak-coupling region before Ω becomes Ω cr . In the case: Ω cr < Ω min , the universe reaches the point at φ = φ cr and end the evolution. The case: Ω cr = Ω min is rather subtle. More detailed analysis clarifies that the spacetime is regular at φ = φ cr so that the universe can evolve into the strong coupling region.
Next we consider whether a quantum analogue to each classical behavior stated before exists.
In the first, the static cylindrical universe is considered. From (6.5) and (7.1),
we obtain the relation,
Then we easily recognize that the static cylindrical universe is realized if ρ = 0 (i.e. 2φ = 2λt). In this case, the parameters M and ε must be adjusted as
In the second, to extend the spacetime to the region with CTC's, the following two conditions are necessary and sufficient in the conformal gauge: One is that 2ρ become linear in t as t → ∞ in the conformal flat gauge, and the other, the coefficient of the linear term is negative. By comparing Ω − φ and Ω − t relations, we recognize that there are two distinct types of solutions. One is realized in the
The first condition in (7.4) means that the universe is homogeneous. The other case is realized in the case (ii):
n = 0 (∀n) and some appropriate negative M. In the case (i), the value of dilaton at η = 0 can be adjusted to be so small that the semi-classical approximation is valid. On the other hand in the case (ii), the spacetime can be extended over φ = φ cr to the strong coupling region smoothly and the appearance of CTC-spacetime may occur in the limit of t = ∞ where φ becomes infinite. Hence the analysis with full quantization is needed so that the statement that whether CTC's appear may becomes meaningless in the case (ii).
In the third, we consider the possibility of the local or global de Sitter expansion briefly. Following the discussion in the last part of the section 4, de Sitter expansion occurs only when e 2φ behave as (t − t 0 ) −2 around at some finite time t 0 . We easily know that such a case can never exist owing to the existence of the linear term with respect to φ in (6.3).
In the rest of this section, we treat the case of type-II. The analysis can be proceeded in the same way as type-I. The effective action in type-II is also described, using new fields χ and Ω:
The equations of motion derived from (7.5) is
The constraint equation is as same as (6.7).
The solution for Ω is
We can now investigate the behavior of the universe of type-II in the same way as type-I. In contrast to type-I, Ω − φ graph is not bounded from below from the second equation (7.6) , that is, φ cr (i.e. the point that quantum singularity emerges) does not exist.
There are three types of behavior of the universe: Firstly, in the case:
, the universe returns to the weak-coupling region. Secondly, in the case:
, the universe evolve into the strong-coupling region. Thirdly, in the case: t vev = λ 2 4 + ε 4κ , the universe becomes the Misner-type universe at φ = φ min as t goes to +∞.
Finally, we note that any de Sitter-like behavior of the universe never appear according to the same reason as mentioned in type-I.
Conclusion
We have applied CGHS model to 1+1 dimensional cosmology. In the classical level, we classified the behavior of the universe evolving from a static cylindrical one. Though some solutions derived in this paper have unusual behavior, we have some interesting spacetime which would give us new insights about the global structure of our real four-dimensional universe. Next their modifications by considering inhomogeneous matters or quantum back-reaction were considered. Especially, instability of asymptotically de Sitter universe and Misner-type universe have been treated. Firstly, due to inhomogeneity of matters, asymptotically de Sitter universe is modified into the universe having partially de Sitter-like expansion regions (two-dimensional analogue of multi-production of universe), on the other hand, Misner-type universe is completely forbidden to appear. Secondly, including backreaction, we showed that an asymptotically de Sitter region cannot exist any longer, and Misner-type universe still exists in the case with adjusted parameters stated in the previous section.
In order to determine exactly whether the chronology protection holds, we must go on to extend the classical and semi-classical treatments of the compact universe in this paper to the full quantization of two-dimensional dilaton gravity (for example, see [19, 20] ). Because the existence of any consistent solution in the extended region (η > 0) inevitably depends on the information from the naked singularity(η = M), whose neighborhood is very strong coupling region. To proceed the analysis, the construction of the physical states having such classical and semi-classical behaviors will be intriguing especially.
Anyhow CGHS scenario has been shown to be extensively useful for the study of back-reaction problems in general relativity. 
